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ABSTRACT

A number of problems in source coding deal with a pair of correlated
discrete memoryless sources and two separate non-cooperating encoders, such
as the Slepian-Wolf problem, the side-information problem, and the Wyner-Ziv
problem. In these problems it is desired to determine rate pairs which allow
the outputs of each of two sources to be reproduced at the decoder with some
specified distortion. If the joint distribution of the outputs of the two
sources is completely known to both encoders, then solutions to these
problems are available in the literature. Here the situation in which the

joint distribution is not completely known is considered.
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CHAPTER 1
INTRODUCTION
A number of problems in source coding deal with a pair of correlated

discrete memoryless sources and two separate non-cooperating encoders as
in Fig. 1. Among these are the Slepian-Wolf problem [1], the side-
information problem [2], [3], and the Wyner-Ziv problem {4]. The general '
goal of these problems is to determine rate pairs (RI’RZ) which allow the
outputs of each of two sources to be reproduced at the decoder with some
specified distortion. The rate Ri is the rate of transmission of informa-
tion from the i-th source encoder to the decoder. If the joint distribution*

1. u, X(z) = v), is completely known to both

p, where p(u,v) = P(X
encoders, then solutions to these problems are known. Here we consider
these problems assuming only that the joint distribution is known to be in

some class A.

For problems with only a single source, universal codes are source

N

codes which achieve some performance measure (e.g., the entropy or

the rate-distortion function) asymptotically for all distributions in some
class [12}. For the Slepian-Wolf and side-information problems, where
decoding with arbitrarily low distortion is required, universal coding is
not possible in general. This can be seen as follows. Let the marginal
distribution for X(i) be denoted by pi. The rate pair for any code depends

- only on the marginal distributions. Thus, for a given code only a single

rate pair (RI’RZ) is possible for any set of joint distributions which

1)

*
Note that since X and X(z) (the random variables representing the

source outputs) are discrete, all of the distributions here are
probability mass functions.

L e e e e e




Med

e

L
&
¥
Y

=1

= Encoder 1

{"122)} : Ry
| Encoder 2 *
Figure 1.

]

Decoder

(203,122

Encoder-decoder configuration.




have the same marginal distributions Py and Py The encoders cannot

distinguish between different joint distributions which have the same

marginals, since each encoder observes the output of only one of the two

ST -

R

-,

sources. So if the true joint distribution is ™ then all p € A such that

P; = ﬂi, (i = 1,2) remain as possible distributions as far as the source
encoders are concerned even if the marginals ™ and m, are known exactly.
However, a single rate pair (RI’RZ) must be used for all of them. Therefore,
universal coding is possible only if those p € A with the same marginals
also have the same achievable rate regions.

For the Wyner-Ziv problem the same reasoning shows that a single rate
pair must correspond to each set of p € A with a given pair (pl,pz) of
marginal distributions. However, a code may still be universal if it
achieves the optimum distortion for each such p. Universal fixed-rate
codes for single sources do exist if some positive distortion is allowed
[13].

If a code for a class of sources achieves a point (R,D) on the rate
distortion curve for one source in the class and yields rate not greater
than R and distortion not greater than D for all other sources in the
class, it will be called a robust code [1l4]. Here we show that robust

codes do exist for the Slepian-Wolf and side-information problems. For

the Wyner-Ziv problem an example is given showing that robust coding is

not possible in general (so universal coding is not possible either).




Suppose that the true distribution is given by p. Then the i-th

encoder can only reduce A to a subset A, (p,) £ fnenr nm = pi}, which is

i
the set of distributions with the same i~th marginal as p. In the cases
where robust coding is possible, optimal performance will be achieved by
having the i-th encoder estimate P and then do robust coding for Ai(pi)’
The sets Al(pl) and Az(pz) may be different, so the choice of rates for
this coding is not simple in general. In the side-information p ~blem
only Al(pl) is used, and hence a coding technique which gives o mal
performance is easily obtained. This is not the case with the £ “ian-
Wolf problem. A non-computable characterization of the set of .. able
rate pairs for this problem is given in [7] and can be described as

follows. LetiEl andiPz be the spaces of possible marginals for X(l) and

X(Z) respectively. A rate pair (Rl,RZ) is achievable for a given (ﬂl,vz)

if there exist functions fl: ]Pl - [0,2) and f2: ]P2

Ri = fi(ﬂi) and also such that for all p € A the rate pair (fl(pl),f (pz))

- [0,») such that

is in the Slepian-Wolf region for the pair of sources with joint distribu-

tion p. In Chapter 6 an upper bound to the set of achievable rate pairs

is given, and a number of such functions f, and £, which yield sets of

1 2

achievable rate pairs are considered.

By way of introduction a special case of the Slepian-Wolf problem
(which is also a special case of the side-information problem) is considered
in Chapter 3. The robust coding result for the side-information case is
derived in Chapter 4. Chapter 5 concerns the Wyner-Ziv problem. Here an
example is given which proves that robust coding is not possible in general,

and a special case is presented where robust coding is possible.
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CHAPTER 2
PRELIMINARIES

An encoder may make an estimate of its marginal distribution (which is
with high probability within a prescribed accuracy) by observing the
relative frequency of source letter outputs during some initial estimation
time. Similarly if the encoders send information at rate Ri equal to the
entropy of the i-th source (i = 1,2) for some initial time, the decoder
can estimate the joint distribution. The arbitrarily small uncertainties
in these estimates have no effect on the achievable rate regions if the
class A is assumed to be closed. Hence, in the body of the thesis it is
assumed that the marginal distribution for the i-th source is known to i-th
encoder (i = 1,2) and the joint distribution is known to the decoder. In
addition it is assumed that for some o > 0, m(u,v) 2 ¢ for all
(u,v) € x(l) X Z(z) and all m € A. The results needed to prove the

coding theorems without these assumptions are derived in Appendix A.

The alphabet for the i-th source is denoted by Zi which is a finite

set with lxi] elements. The output of the i-th source at time k is a random

variable denoted xﬁl) with marginal distribution P.; i.e., P{Xél)= u} = p; (W
for u € xi. The random variables (Xél),xéz)) have joint distribution p
and are independent of (Xgl)’X§2)) for j # k. Define g(l) to be a sequence

of n outputs from the i-th source {x{i),...,xil)}, and let Z: be the set of

all n~-sequences whose components are elements of Zi- A blocklength n code

for the i~th source is a function 8 Zz - {1,2,...,LgiH}. The rate of this

code is given by

R,
i

=R

log |lg,ll- ]




TNy s

il ‘ =

(Base two logarithms are used throughout.) The decoder is defined by a

function

£ {1,...,

legld x (1, llg i} = 22 x 22

where ii is the reproduction alphabet for the i-th source. Thus the decoder

output which corresponds to the source output vectors (3(1),5(2)) is

&P .2@) 8 f1g, Py ,e, P

The distortion achieved by a code is

elax® x)yy & ‘r:{n'l'é_l 4, &P &Y,

j=1

the expected per letter distortion between g(i) and 2(i) computed using a
single letter distortion measure di(-,-) defined on Zi X ii' A rate pair
(Rl’RZ) will be called achievable if for all positive € and 6§, codes of rates
R} <R, + ¢ exist for which E{d(x), 1))} < b, + 6 where D, is the specified
distortion level for the i-th source. The set of all achievable rate pairs
will be called the achievable rate region.

Let §(i) denote the n-vector {xii),...,xsi)} where xgi) € Zi for 1< j £ n,

and define N(u;g(i)) to be the number of occurrances of the letter u in the

sequence §(i). A sequence 5(1) is called 6-typical if
In"wasx®)-p, )| < 812, |7t 1)
¢9)

for all u € Zi, 8§ > 0. The set of §-typical x sequences will be denoted
Tn(é,pi). The set Tn(6,pi) has the following properties which are proved in
[5] and [11].

Property 1. For any 6 > 0, P[z(i) € Tn(é,pi)] -~ 1 as n = » uniformly on A.

— p——
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Property 2. expz[n(.!{(pi)-c)] < |Tn(6p1)| < eXPZ[n(J'C(Pi) +c)]

where

c Qs log otz -5 lxi\ Z log p;(u)
uEZi

and
¥(p;) == T p,(ulog p,(u) .
i uezii 1

(Here expz(a) = 22 for any real number a.)

(1)

Similarly define N(u,v;_:_c_ ,§(2)) to be the number of indices j such

3
Then call 5(1) and 3(_(2) jointly 8-typical if

that (u,v) = (x(l),xgz)), 1< j<n, the x§i) being the components of _:g(i').

n"hyw,vix® 5P - p,m| < 51z, Mz, @)

for all (u,v) € Zl X %, where p is the joint distribution of X(l) and X(z).
The set of jointly 6-typical (5(1),35(2)) will be denoted Jn(é,p). Note
that
1 () 1)
(x*7,x"7) €7 (B,p) 2 x €T G,pg) -
If the pair of random vectors @(l) ,3(2)) is considered a single
1 2 1 2

vector of independent random variables {(xi ),Xi )),...,(xﬁ ),Xé ))]

each with distribution p, then the defining inequality (1) for S-typical is

equivalent to inequality (2). Thus directly from the properties of

Tn(é ,pi) we have




,
i

it —_—

e x®) €5 )i~ 1 asn-~a
and

exp, [n @ (p)-c)] < |J_(8,p)| < exp,[n&(p)+c)]

where X(p) is the joint entropy of X(l) and X(Z).

For the Slepian-Wolf and side information problems we define a robust
code as follows. Let R(mm) denote the set of boundary points of the
achievable rate region for the case in which the joint distribution m is
known to both encoders and let Ri(n,p) be the rate of a code of block-
length n for the i-th encoder when the source distribution is p. A

sequence of codes of increasing blocklength n for a class of sources A is

robust if the codes achieve zero distortion uniformly as n = « for all

sources in A and if for some mE€A the rate pairs (Rl(n,p),R2 {a,p)) (which
may be a function of p the true source distribution) satisfy

*
< i =
Ri(n,p) Ri + € i=1,2,

N
for all p€EA and n2 N, where eN" 0 as N« and is independent of p and
(R’;,R;)GR(TT). So a sequence of codes is robust if it achieves asymptotically
zero distortion for all sources in the class.

To modify this definition for the Wymer-Ziv problem let R:(D) be the
Wyner-Ziv rate distortion function for source n. Then call a sequence of
blocklength n codes robust if the rate R(a,mn) and distortion D(n,T) con-
verge to a point on R:(D) for some source mEA and if Rl(n,ﬁ)-’- Rl(n,n)

and D(n,f) < D(n,n) for all TEA.
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CHAPTER 3
ROBUST CODING FOR THE CORNER POINT OF THE SLEPIAN=-WOLF REGION

3.1 Statement of Problem and Preliminary Result

The Slepian-Wolf problem is to determine the set of rate pairs (RI’RZ)
which allow the outputs of both sources to be reproduced at the decoder with
arbitrarily low distortion. In this problenlii = Zi, and the distortion
measure is the Hamming distortion measure (i.e., di(u,u) = 0, di(u,v) =1
if u # v), so arbitrarily low probability of decoding error corresponds to
arbitrarily low distortion. Here we derive a robust coding result for the
special case where R2 >ZK(p2). Since R2 >ZK(p2) the decoder may be assumed
to know {xéz)} exactly, and the problem becomes the determination of the set
of rates Rl which allow {Xél)} to be recovered with arbitrarily low distor-
tion. This is the corner point of the Slepian-Wolf region (see Fig. 2).
Notice that an increase in R2 above prz) does not permit a decrease in Rl.

The joint distribution is known to be in some class A. 1In addition the
encoder knows the marginal Py» and the decoder knows the true joint distribu-

tion p. However, the encoder does not know the joint distribution p nor the

marginal Py In this case Rl is achievable if and only if

Ry 2 suplh (m) : mE A (p)] 3

where Al(pl) Q{n €A : o= pl} as before, and hl(ﬂ) is the average

conditional entropy given by

A T(u,v
R 2 =8 E 108 Sty
u
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Notice that for any distribution p on Zl X ZZ,
hi(p) =X(p) - £ X p(u,v)log p,(V)
uv
=X(p) - X(p,) . (5)

3.2 Positive Coding Theorem

Define

Ry(ey) & suplh (m : m € A (p)) )

The proof of the positive coding theorem follows directly from that of
Berger [5, Theorem 3.2], simply substituting ﬁl(pl) for hl(n) and fixing

R2 >ZK(p2). This proof with the necessary modifications is as follows.

(1)

Form N e expz[n(ﬁl(pl) + 2Y)] sets of x sequences, say S «sS

1"' ’N!
by selecting sequences independently from Tn(é,pl) according to a uniform

distribution. The selections are made with replacement so that every 5(1)
sequence is equally likely to be selected each time. This is done until

each set Si contains

Is| € exp,lnG(p)) - f,(p)) - V)] )

(1

§-typical x sequences,

1)

A sequence x is encoded into an index i(i(l)) defined by

j if § = minfk:xP € 5, )
1) - )

0 if 5(1) €S, k=, N .

The index 1(5(1)) is then sent to the decoder, requiring a rate
(1)) - 0.

R1 = ﬁl(pl) + 2Y. An error will occur if i(x Since

—————




\gﬁ_ 8y i, e

12
px™ g1 Gppl =0 asn-w,
we will know
P{i@(l)) =0}=0 as n— ®
if
Q 2 P{i(x(l)) = 0| _&(1) € Tn(a,pl)} -0 as n~ =,
Now
N (1) (1)
Q= ©m PX £s.|x €T (6,p,))
j=1 j n 1
N (1) (1)
= n o Px Aulxt €T (6,0
j=1 u€s,
=3
= P{g(l) # ul g(_(l) € Tn(é,pl)}N‘S|
- N| s|
= (1 -exp2[~n4c(P1) + c)])N|S| (9

since the selections were done independently using a uniform distribution.

Since In(l-x) & -x, 0 £ x < 1, then

ln Q s N|s|in{1- exp, [-n & (p,) +c)]}

15

-N|s| exp, [-n&(p;) + ¢)]

- exp,(n (y-¢)l. (10)




g
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L

So In Q- -« and P{i(x( )-0}-'Oasn-°oif'y>c.

Now P{ @(1),5(2)) € Jn(G,p)} -+ 1 as n~ = so we may assume that the
(1)

source outputs (X ,5(2)) are jointly §-typical. The decoder observes

(L
€ Sj'

to search Sj for a sequence u such that (t_x,§(2)) € Jn(5 ,P). As an upper
(1

X @) and knows an index j such that X The decoding procedure is
bound assume an error occurs if there is some sequence u € Sj’ u#x
such that @,5(2)) € Jn(6 »P). Let E(}_z(z)) denote this event for a given

£@. Then

pE@®)] = (|s| -1 v € uc®))

where

and U is a random vector uniformly distributed on Tn(b,pl). The proba-
bility of error associated with this event is the expectation of
P[E(:_c(z))] over all &-typical 5(2) sequences. Denoting this probability
of error by P[E] we have

PE] <|s| £ ©PUE€ U(E(z))}P{K(Z) - x4
()
X

< [s|espl-nl) )] T PUE uz®1.

x

s |S|exp[-n@(py) - )] iz)lu@(z%llrn(s,pl)l‘l GED
X

But

— diatinbele e
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2
£ Jua®)] = |3 6.m)|
@)
X
so
-1
P[E] = |S|exp[-n&(p,) - &)1 T (6,P)||T (5,p;)]
< |s|exp, (n&(p) -X(p,) -K(p,) +30)] (12)
using the bounds on cardinality from Property 2 of the sets of typical
sequences. The constant ¢ is defined in the Preliminaries. Since
|s| = exp,(n&(p,) -h (p)) - V)], (13)
then it follows from (5), (12), and (13) that
P[E] < exp,[n(h, () -h,(p,) +3¢-V)]. (14)

Since (6) implies ﬁl(pl) 2 hl(p), it follows from (14) that P[E] - O as

n- o if
Y2 3c . (15)

The constant C may be made arbitrarily small and does not depend on the

distribution p, so any R, > El(pl) is achievable.

3.3 Converse to Coding Theorem

The rate of any code for source 1 can be expressed as

A (1) -1 o, 1
R, =R (p) ST P{X " =ul(w) =n I[ “11’1(“1”“2) (16)
u u i=




15

where £(u) is the length (i.e., number of bits or symbols) of the code-
word for u. This length function depends only on the code, so for a

given code the rate is a function of the marginal distribution Py All

sources 11 € Al(pl) have the same marginal P> hence any code has a single

rate Rl = Rl(pl) for all of them. By the converse of the Slepian-Wolf

theorem applied to a particular source m € Al(pl)

R, (py) 2 by (M, (17)
and since this applies to all sources in Al(pl)’

R, = Ry (p;) = sup{h (M) :m €A,(p)} = b, (p)) (18)

which is the 'desired result.

N
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CHAPTER &

ROBUST CODING FOR THE SIDE INFORMATION PROBLEM

4,1 Statement of Problem and Result

In this problem the output of source 1 must be reproduced with
arbitrarily low distortion by the decoder. Encoder 2 sends information
derived from source 2 at rate R2 and this information is used to determine
the {ﬁ(l)} but reproduction of the output of source 2 is not required

(see Fig. 3). The solution to this problem is given in terms of an

auxiliary random variable Z. Let the joint distribution of X(l), X(Z) and

Z be
q(u,v,w) 4 P{X(l) = u,X(z) = v,Z = w}
and the joint distribution of X(i) and Z be
q @) L Rx® - uz < v)

for i = 1,2, Also, define P, to be the marginal distribution of Z. 1In the
case where the joint distribution p of X(l) and X(Z) is known precisely by

the encoders and the decoder the rate region is ([2],[31])

R = {(Rl,Rz) oz xWM = x@ o 7 ana R, 2h (q)),R, 2 J(qz)]. (19)

Here X(l) - X(Z) = Z indicates that these random variables in the order

listed form a Markov chain (i.e, X(l) and Z are conditionally independent

given x(z)),
h (€.) A ( )1 qi(usv)
q = -3 q,(u,v) logo———
z 1 u,v i E qi(u,v)
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=¥ (q;) -¥(p,) (20)

is the conditional entropy of X(l) given Z, and

A q?_(u,v)
.a(qz) = -uzv 9, u,v) logm

=K(,) -h_(a,)

is the mutual information between X(Z) and Z. In all that follows, we
assume only that p € A, that the i-th encoder knows the i-th marginal P;>
and that the decoder knows p.

1), L@

Since X = Z, then q(x(l),x(z),z) = p(x(l),x(z))w(z‘x(z))

and so the auxiliary random variable Z may be specified by a conditional
distribution w where w(u’v) =Pz = ulx(z) = v}. This conditional distri-
bution is chosen beforehand and is known to the encoders and the decoder.

Notice that 9 is obtained from p and w by

(1),2) =z P(x(l),x(z))W(ZIx(z))- (21)

q, (x
' L@
Under these assumptions the rate region is
R={@®R,) :Ew 3R 28 (), Ry 2 I(q))) 22)
where
B (e & suplh_(a) v €4 (o)) @3)
z"v1 z 1 11

and

A
Al(pl) = {n €] 1Ty o= pI}.

e ———— e - - - - ——— .
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Note that ﬁz(pl) is defined for a fixed w, and so 9 is a function of 1

as indicated in (21) with p replaced by m.

4.2 Positive Coding Theorem

The proof here is that of Berger ([5], Theorem 5.1) with a few modi-
fications, as in the positive coding theorem for the Slepian-Wolf problem
in section 3.2. Encoder 2 knows P, and w so it may encode exactly as if
the distributions were known. This is done as follows. Let D be a sub-

set of Tn(é,pz) of size
| o| 4 expz[n(-"(qz)+f(5))], (24)

for which the sequences z are chosen from Tn(é,pz) according to a uniform
distribution. 1In (24), £(§) does not depend on p since p(u) 2o>0 and
£(6) - 0 as 8 = 0. It can be shown (Lemma 2.1.3 of [5]) that if 5(2) is
any §-typical output sequence from source 2, there will be at least one

()

z € D such that x and z are jointly &-typical wep. = 1 (w.p. =~ o will

be used to indicate with probability - o as n— »). Let D be such a set.

1f the source output is 5(2)

, encoder 2 simply sends the smallest index
which corresponds to a z which is in D and has the property that
QS(Z),E) € Jn(éxqz)’ and sends index O if there is no such z. Then we

have
R, = J(qz) + £(5) (25)

where £(§) = 0 as § = O.
Encoder 1 first determines Ez(pl) using A, P> and w (see (23)).

Next
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N2 exp[n(i_(p)) + 2v)] (26)

sets of él) sequences, say Sl’ ...,SN, are formed by selecting sequences
independently from Tn(é,pl) according to a uniform distribution, as in

section 3.2. Here each set contains

|| 2 exp,[néC(p)) - B (p)) - V] @7)

(L

§-typical x sequences. The index i(x

(1)) is defined by

1™y = § if j = minfk:xP € 5, }

o itxPgs, k=1,...,N

and this index is sent to the decoder requiring a rate R1 = ﬁz(pl) + 2v.
With N and lSl as defined in (26) and (27), the derivation of equations
(9) and (10) in section 3.2 holds, showing that P{i(_}g(l)) =0}~ 0 as
n-— o,

.Since P{(K(l),g(z)) € Jn(é,p)} - 1 as n = o« we may assume that the
(1) M L@ ¢

source outputs X and x are jointly typical, i.e., (x
@)

Jn(é,p). The decoder observes a sequence z jointly 6-typical with x

M) ¢s.,
j

and knows an index j such that x Lemma 4.1 of [5] ("Markov

Lerma'') states

1 ,,@) (2) (L

X =x ez and (xV,2) €3 (8,9, = xV,2) € 1_81%,].q))
= n 2 n 1 1

Ww.p. = 1. The decoding procedure is to search S, for a sequence u such

h|

that (u,z) € Jn(é ), where 61 = 6|Z The set Sj contains such a u

1’4 il
w.p. = 1 by the above lemma. Let Ez be the event that at least one of
N (1)

the |S| - 1 sequences u € Sj other than the sequence x (the actual

e S ——
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source output) is él-typical with z. If an error occurs then either E,
occurs or else there is no u € Sj such that (u,z) € Jn(él,ql). The
latter event has probability O asymptotically as we mentioned above, and

the event Ez has probability upper bounded by

PE) = (8| - DR EU). (28)

where U is a random vector which is uniform on Tn(é,pl) and

>4

n
U = lu€xy: wa) € 3,6ap]
Since U is uniform on Tn(b,Pl) we have
_ -1
Py € ua} = luillrrn(a,pl)l . 29)

By a slight modification of Lemma 2.1.,2 of [5] (reversing signs in expres-
sions of the form p(u) + 6|u|-1 and p(u,v) + 5|uy|‘1), or by Lemma 2.1.6

of [11],
|| = expylnlh, (ap) + £ (513 (30)

where f'(él) ~ 0as §, =+ 0 and f'(él) is not a function of p. From

1
property 2 of the §-typical sets

|7, .p)] 7" 5 exp, [-n& () - )], (31)
so  P{U €Y < exp,nth, (q) -K(p)) + £'(8)) + o). (32)
Substituting (32) into (28) we get

P(E,] < |S|exp,[n(h, (q)) -X(p) + £'(8)) + ©))




and using (27)

P[E,] < exp,[n(h,(q)) - (p)) + £'(8)) + ¢ - )] (33)

s expz[n(f'(él) +c-v)] (34)

where (34) follows from the definition of ﬁz(pl). So P[Ez] “0asn- o
ify~> c-+f'(61) for any z € D. The constants ¢ and f'(él) may be made
arbitrarily small by choice of §, hence any R1 > ﬁz(pl) is achievable and

the rate region is as given by (22).

4.3 Converse to Coding Theorem

The converse to this result is exactly the same as for the result of
Chapter 3. Only a single rate is possible for all mw € Al(pl) and R1 2
hz(ql) for each m (and its associated ql) in the class by the converse to

the side information problem hence R, 2 sup{hz(ql) :mm € Al(pl)} = hz(pl)'
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CHAPTER 5
THE WYNER-ZIV PROBLEM

5.1 Introduction

Encoder 2 sends at rate R2 =3€(p2), the entropy of source 2, so the
decoder may be assumed to have {Xéz)} exactly; therefore only the coding
for source 1 need be considered. It is desired to determine the rate
distortion function Rl(D) for source 1l; that is, the minimum rate R1 such
' that the decoder can produce an r.v. i(l) which satisfies E{d(X(l),;{(l))}s

D. The distortion measure is assumed to be a finite single letter dis-

tortion measure on Zl X Zl which satisfies d(u,u) = 0 and d(u,v) @ 0 for

u # v (see Fig. 4). Again an auxiliary random variable Z is required,

so let q be the joint distribution of x(l),x(z)

1)

et e — b A

, and Z and let q be the

joint distribution of X“"/,Z induced by q.

2)

If the joint distribution of X(l) and X( is known precisely then

the rate distortion function is [4],

N Aas

R'(D) £ inf{d(a)) -9(a): q€ QD)) (35)

where

@), ¢ ()

Q@ 4{q:x ~2 and @£ :%,x =% IE(axD, £ x?®,2))) s 1)

(36)

and J(qi) is the mutual information between X(i) and Z computed using the

distribution q- Now any auxiliary random variable Z with joint distri-

JRUREP

bution q € Q(D) may be described by a conditional distribution w where H

w(ulv) = P{Z==u|X(1) = v} since q(x(l),x(z),z) = p(x(l),x(z))w(zlx(l)).by




h "

\.,g PR ST VI it

(1)

<@

¢9)
{x 7}

Encoder

R(D)

()

Decoder

2 (1)

elac®M ,xWy <o

Figure 4. Configuration for the Wyner-Ziv problem.




25

the Markov property. So an alternative description of the rate distortion

function is

R'(D) = infld(q)) -F(a,) ¢ wEP(p,D)] 37
where
P(p,D) = {w : £ F(v,z) <D} (38)
v,z

is defined in terms of the function F which is given by

F(v,2) = maf w(z|uwp(u,v)d,8) : i€k (39)

These descriptions are equivalent for if w € P(p,D) then define the

function f(v,z) = U* where G* is such that

T P{x(l) =u x®) 2y, 2=214d (u,5%) =min{ T P{X(l) =u| x®) oy, z=2}
u u

du,d) : G € :“tl] (40)

and this f will satisfy E{d(x(l),f(x(z),Z))] < D by the definition of
P(p,D). Conversely if q € Q(D) then the corresponding w € P(p,D) because
f as defined by (39) minimizes the contribution of each (v,z) pair (VEZZ,
z € 2) to the distortion, which minimizes the total distortion.

Now assume that the encoder knows only that p € A and define

wo) 2 n P(T,D) (41)
TTEAI(PI)

where
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b
A ey = fmep:m = pl}. (42)
Then the set

R = {(Rl,D) :R) = inf{sup{.ﬂ(ql) -J(qz) :nEAl(pl)} :weEWD)} (43)

is achievable. This is clear since by the definition of W(D) the decoder
can find an r.v. ﬁ(l) with {d(X(l),i(l))} < D once it has Z, and the
random coding proof of the Wyner-Ziv result in [5] shows that any R1 2
J(ql) -J(qz) allows Z to be decoded. For a given w, R1 2 sup{J(ql)-
J(qz) ;1 € A(pl)} so Z may be recovered for any 1 € Al(pl) and f 1is
achievable, However, R does not necessarily contain any point on any of
the R*(D) curves for individual m € Al(pl)° For any given w, the distri-
bution 7 which achieves the maximum rate need not also have the worst
distortion. So the above result does not establish the existance of
robust codes,

The following example shows that in fact robust codes do not in
general exist for the Wyner-Ziv problem. That is, in general it is not
possible to construct a code for any class of sources which achieves a
point (R,D) on the rate-distortion function R*(D) for one of the sources
and distortion no greater than D for the other sources.

5.2 Counter Example for Robust Coding

Here |Zi| =2 (i = 1,2). The class A is composed of two pairs of
sources. One has distribution m given by w(0,0) = n(l,1) = 5(1 -BS) and

m(1,0) = m(0,1) = %Bs . The other has distribution # which is given by
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#(0,0) = 5(1-8), f(0,1) = %8, f(1,0) = 0 and M(1,1) = %. In these
definitions BS and Bz are constants in [0,1]. The distribution T
corresponds to a doubly symmetric binary source (DSBS) and 1 is defined

by a "Z-channel" between x(l) and X(z), a "Z-channel" being one with only

a single possible crossover (Fig. 5). Note that o= ﬁl S0
A=Ay = AGR).
Two different conditional distributions of Z given X(l) are necessary

and these are denoted by w and w. The distributions T, ﬁ, w, and W are

used to define three joint distributions on X(l), X(z), and Z as below
q(u,v,z) £ m(u,v)w(z|v) (44a)
9" (u,v,2) & fu,vwiz|v) (44b)
Q" (u,v,2) £ Au,v)E(z|v) (i)

foru € X, v € Zé, and z € 2. Joint distributions induced on X(i) and 2
by these distributions are denoted by qi,qi, and q; respectively. For
the conditional distribution w and source 1, if q(u,v,z) = n(u,v)w(zlv)

we may define

r(mw) & d(a)) -v(ay) (45)
and
smw) & ¢ minff q(u,v,2)d(u,u) : § € %, 1. (46)
V,Z

So r(m,w) and 5 (m,w) are the rate and distortion achieved by a source © :
and conditional distribution w.

To achieve a particular point on the rate distortion curve R*(D)
for m (the DSBS) the conditional distribution of Z given X(l) must

correspond to a specific binary symmetric channel (BSC) with a fixed
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level of time sharing. Any other distribution will do strictly worse.
Examination of the derivation of R*(D) for the DSBS in {4] makes this
clear (see Appendix B).
Now £fix Bs = .1 (which defines 1) and solve for d*, the distortion
at which time sharing begins for source m. Solving equation (26) of (4]
numerically, we find d* = .00752 and R;(d") = 0.4238. (R’ (D) is the
f Wyner-Ziv rate distortion function for source m.) Then let the test
g channel w be a BSC with crossover probability d* so that §(m,w) = d*,
the auxiliary r.v. Z must be defined by this test channel and some fixed
level of time sharing. The distortion at rate equal to zero is Bs = .1
7 for ™, so R:(D) for D 2 4" is as in Fig. 5. Next find a value Bs (which
defines ﬁ) such that

r(f,w) = r(T,w) . @7

The value of B, satisfying this constraint is .256, and 6§ (,w) = .00472 is

T, o B e

the distortion which results when test channel w is used with source 7.
The distortion for f at rate equal to zero is %¥B_= .128 so the time
sharing performance of w and f is as shown in Fig. 5.
Next we wish to find a test channel w which yields lower distortion
at the same rate for source fi. If we define w(1|0)=P{z= 1|X(1) =0} = .01465

and w(0|1) = .00465 then 6§ (f,w) = .0042 < 6 (A,w) and r(f,w) = r(fi,w) as

: desired. Note that the pair [r(ﬁ,ﬁ),5(ﬁ,5)] is not necessarily on the

rate distortion curve for ﬁ, but it is an upper bound; that is,

* " " A
R,[6(f,w)] < r (A, . (48)
o
r
T AT A S - ~ -
- - — - - ~ - - - - ————— - -
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Referring to Fig. 5, we let di denote the distortion and r, denote
the rate of the point corresponding to the intersection of the (w-m)
curve and the (w-1) curve. Test channel w applied to source T achieves
distortion 4 > di at rate r,.

Let D & max{d(u,v) tu € xl,v € Zl} and define a conditional
distribution distance d_(w',w") by

s
vy B ' 1"
d w'w") = I |w' @|v) -w"@un)] . (49)
u,v

Pick € > 0 such that d -di >eD > 0. If a new auxiliary r.v. Z has w'

(1)

as its conditional distribution given X and w' is such that ds(w',w)3>e,
then this r.v. will have distortion strictly greater than d; (at rate ri)
when used for source ™ (the DSBS) by the proot in Appendix A. Yet if

ds(w',w) < ¢ then the distortion achieved for source T is

Z min{ w'(z|u)fi(u,x)d(u,v) :in’l} > d-eb >4, . (50)
X,2 u

in either case the distortion for one of the two sources (7,7} exceeds

di’ hence no single r.v. can achieve distortion < di for both sources at
rate .. This does imply that no robust code exists, as can be seen from
the converse to the Wyner-Ziv result (Section III of [4]). If a sequence
of codes of increasing block length n exists which achieves asymptotically

a distortion d, at rate r; for both m and ft then eq. (55) of [4] holds

and so here exists a sequence of random variables {Zgn): 1<j<n}
which satisfy Z§n) - Xgl) - ng) and achieve distortions A§n) such that
n
im o7tz Al =g (51)
n-—-e j=1

L e e e ——————
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(n)

Let w}n) be the conditional distribution corresponding to Zj . By the

proof in Appendix B, the point (ri’di) is achieved for source w by a

unique conditional distribution w and time-sharing parameter 6 € [0,1].

(n)
h|

conditional distribution w with a particular level of time sharing.

Hence the sequence of conditional distributions w must approach this
But this possibility has been eliminated, because w with time sharing
achieves a distortion & > di for source 7. Hence no robust code exists.

5.3 Special Case where Robust Coding is Possible

If the problem is restricted to sets A with the property that there
is one worst source W* such that T*(u,v) = % m(u,y) cn(v|y) for all m € A,
where S is a conditional distribution, then a robust coding technique
similar to that of the side information case may be obtained. The coding
method in this case is simply to code for the worst source m*, Let { be

1) @

a joint distribution of X
L (2)

X , and Z such that the distribution of

X( and X induced by q is m*, Then the (R,D) pairs achieved are
given by
R(D) = inf{d(q)) -H(G,) wewD)] (52)
where a(u,v,z) = ﬂ*(u,v)w(z|u) and
W) Efw: T min(Z (u,v,2)d(u,d): G € %10} . (53)
v,z u
Now for any m € A there exists a Cq such that § ﬂ(u,y)c(vly) = ™ (u,v)
so J(qz) 2 J(&Z) and J(ﬁl) - J(az) 2 J(ql) - J(qz) for fixed w (note
that J(&l) = J(ql)). The r.v. Z defined by w may be recovered if
R 2 J(ql) - J(qz) so the decoder may recover Z regardless which 7 € A

is the true distribution.
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The decoder can derive a function f£: Zz X g =%, such that

1
E{d(x(l),f(x(z),z))} <D as follows. Given m* and m, a ¢, can be derived
i(Z) may be
(1)

satisfying § ﬂ(U,y)Cn(Vly)==ﬁ*(u,v). Then, using c_ an r.v.

2) <(2)

derived from X such that the joint distribution of X

and X is m*,
Then the decoding function for source m* will yield the desired result,
Since source 1 is better than m* in some sense, this technique may not
yield the minimum distortion, and the actual distortion achieved may be
less than that of the worst source.

The performance of the robust coding can be given for the class

A = {DSBS(8):8 € [61,62]} with Hamming distortion measure 0<8 S62‘<%. The

1
source DSBS(BZ) is the worst source n*, and its rate distortion function may
be achieved by the coding technique of part IIa of [4]. If the source in
effect is n* then the R:*(D) curve is achieved. This is the solid

line in Fig. 6. For the sources DSBS(8) with € < 62 there are two cases.

If © > d*, the distortion at which time sharing begins, then the

performance is the same as for DSBS(BZ) up to d*;, and for D 2 d* the
performance is better, as the distortion at rate zero is € (dotted

curve in .ig. 6). The maximum distortion for any source DSBS(8) is 6,

so if 8 < d* then the performance is given by the dashed curve in Fig. 6.
Similar performance is achieved in the case of the doubly symmetric M-ary

*
source, where tight bounds on R (D) are known [6], as this is also a

totally ordered set.

5.4 Note on Evaluation of the Wyner-Ziv Rate Region
One of the difficulties in coding for t. ‘yner-Ziv problem is that
explicit formulas for the rate distortion function are known only for

doubly symmetric sources. Even numerical evaluation of the Wyner-Ziv
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rate region is difficult as the constraint

T min{E m(u,v)w(z |u)d@,d); § € il} <D (54)
v,z u
is not in general convex. For example suppose the source is a DSBS(.1l)

and consider conditional distributions Wis Wy, Wq defined by w1(0|0)

w1(0|0) = w2(1\1) = .5, w1(1|) = w2(0|0) = 1, and
w3(u\v) 4 %[wl(u|v)-+w2(u|v)] .

Then the distortion achieved by vy and Wy is .075, but the distortion

achieved by Wq is .10. So the set of conditional distributions w which

satisfy the constraint (54) with D = .075 is not a convex set.

A e T




CHAPTER 6

ROBUST CODING FOR THE SLEPIAN-WOLF PROBLEM

6.1 Statement of Problem

The problem here is the same as that of Chapter 3 except that encoder
2 is not constrained to use R2 >K(p2). The outputs of both sources must
still be decoded with arbitrarily low probability of error. As before
the joint distribution p is in a class A, and the i-th encoder knows the
i-th marginal P;> and the decoder knows p. The set Ai (pi) is defined by
Ay (py) = {men: ni=pi]
as before, and we define

Ap) & (men: mo=ps 1= 1,2}, (55)

6.2 An Outer Bound on the Achievable Rate Region

For a given marginal any code must have a fixed rate. So for each
subset of sources A(p) there will be a single rate pair (Rl,Rz). By the
converse to the source coding theorem Rl + R2 2 K(mm) for every m€A. So
if the true distribution for the source is p then R1+R225upﬁ((ﬂ): TEA(P)].

Defining

h, (p;) £ sup{h, (M): m€A, (p)}

we also know Ri 2 ﬂi(pi) where hl(TT) QJ‘C(‘H’) -.'rC(rrz) and hz(n) Q,")C(t'r) -I}((nl),
by the robust coding result for the corner points of the Slepian-Wolf

region. So an outer bound on the achievable rate region is
A
R = {(R,Ry): Ry +R, 2 sup( X (M): mEA(P)],

R, Zsup(h, (m): m€A (p)], 1 = 1,2}. (56)

L .. rvaw . B R
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Now neither encoder can determine the set A(p), so the i-th encoder

cannot determine its rate Ri from (56). However, since the decoder knows

the joint distribution p, any subset of R for which the i-th encoder may

determine Ri is achievable by the random coding argument used in Chapter 3.

Note that the set f is a function of p, so we actually have a family of sets

R(p) which bound the achievable rate regions for each source p€A.

6.3 Some Sets of Achievable Rates

Three different coding techniques which yield sets of achievable

rates are considered in this section. In the first technique R, =k and

1
R2 2 sup{ (1) -k :mm € Az(pz)}, where k is a constant chosen beforehand.

If the source distribution is T we must have Rlzkﬁﬁn) so k must satisfy

k = sup{hl(n) :mm €A} (37)

Also R2 2 hz(pz) so if we define

R 2 LRLR)[R, = KR, 2 max () (b)), sup BC(m) -k €N, (D] (58)

where k satisfies (57), then Rkl is a subset of R and Ri is a function
only of p; so Rkl is achievable. Reversing the roles of the encoders
yields another set sz.

Another set of achievable rates is given by time sharing between the
corner points of the Slepian-Wolf region derived in Chapter 3. Let

g € [0,1] be the time sharing parameter selected “eforehand and define

4
Rg = {(RHRy) 1Ry = sup[R) (B,m) : €A, (p],

R, = sup[R,(1-B,m) : 7 € A, (p,)]} (59)

— e o ™ T - . . ———
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where

R, B, 2 BCm) + A-B)h, (). 60)

The i-th encoder can clearly determine Ri so we need only show R, C R.

p

Note A (p) CAi(pi) so if (RI’RZ) € RB then

R; = sup{R; B, : 7 € A(p)}

and

R +R, = supfi(m) :m € A(p)].

Also since 0 s B =< 1

R, = sup{h (M) : 7 € A, (p,)]

and so RB C R,

A third technique is to choose an o @ 0 (@ will represent the ratio
RZ/Rl)’ and define

( h, (M

€ cmn——

0 as K(ﬂl)
B(m) = 1 az 3;(_1-2) (61)

1(M

¥ (py) - hy(m)
\ ¥ (rrl) - h2 (m) +}(‘(n2) -ahl(n)

otherwise

Then

W e . SRR A a TG B e e

- e e e p— -
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Ry 2 [(RLR,) 1R = sup[R B(),m i1 € A (p))]

R, 2 sup[Ry(1-B(m),m) : m € A, (p,)]] (62)

is achievable using the same reasoning as for RB. Regions derived from

these two techniques (for all possible o and B) are sketched in Figure 7.
The sets Rcr and RB may be improved in the following way. If one of
the encoders can determine from its marginal that the other encoder is

using a rate higher than necessary it may reduce its own rate. Applied

to RB this yields the set

Rg S L@ Ry i R) = sup(R) (B,m) - sup(R, (1-8,) : f € A, ()]
+R2(1'B,TT) :m € Al(pl)]s

R, 2 sup[R,(1-B,m) : m € A, (p,)]] 63)

Since m € Az('rrz) it is clear that RBI is at least as good as Rﬁ To show

RBIC R suppose that the source distribution is p. Then

Rl 2 Rl(s’P) - SuP{RZ (I-B ,TT) 1 E Al(Pl)} + RZ (1-Bsp)

and

Rz 2 sup{Rz(l-B,TT) a1l € Al(pl)}

80 R].+R2 2K (p) and R

81 C R. The same modification applied to Ra yields




i A"‘v\&_.‘-‘:'t -

R
sup{(m) :m € A, (py))

2

sup{hz(n):n € AZ(PZ)}

sup{hz(n):n’ € Al(Pl)} :

Figure 7. Sketch of regions Ra and R

sup&fl(") . € Al(pl)] ! X(p,) sup{i(m):m€ Al(pl)}
sup{hl(ﬂ) MEA, (Pz)}
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a set Ral which is defined as R, with B replaced by B(p), and the

Bl
same reasoning shows that it is achievable. Similar sets R&Z and Raz may
be defined switching the roles of the encoders,

An example where Ral # RQ and R, # RB is given in Figure 8. Here A

Bl

consists of two sources T and T such that nz = ﬁz but e # ﬁl. In Figure 8,
w is the true distribution of the source. For this example R&z"“& and
RBZ=-RB 80 the imporved sets are not uniformly better, nor are they necessarily
equal. The Slepian-Wolf region for m is denoted R*(n) in the figure.
The following example shows that even the union of all of these sets
is not the achievable rate region. Here A = {m,m',n"} and these sources
have Slepian-Wolf rate regions as in Figure 9. Note that o= nl" # nl',

mn. = nz' # nz", J'C(nl) <3‘C(111'), and J'C(nz) <3‘C(ﬂ2"). The various sets

2
are given in Figure 9 assuming that 1 is in effect. A better set é may
be derived as follows.

If s is the observed marginal then the i-th encoder codes as for
Ra but using ™ in place of A10n1). So if m is the actual source then

the set é (see Figure 9) is achieved. If m' is in effect encoder 1 can

determine this and use rate

Ry =R, B@"),m") +R,B@"),m") -R, B(T),m)

'nd the ' rate region is achieved. If m" is in effect the encoder 2 does
similarly and the " rate region is achieved. 8o even the union of these

sets of achievable rate pairs is not the achievable rate region.
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Figure 8. Example where Ro:l and RBl are strictly better than oz and Rﬂ
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3
! ' 4

K(‘nl) JC(ﬂi) Rl

Figure 9. Example showing that the union of these sets of achievable rates

is not the entire rate region.

i=1,2, Rkl-R(n') and Rk2=R(n").]

[Note here R’a'aai and RB-RBi,

v m————
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CHAPTER 7
CONCLUSION
We have considered a number of problems in source coding for pairs
of correlated discrete memoryless gources for the situation in which the
distribution of the source outputs is not precisely known by the encoders
or the decoder. We have assumed only that the source is in some class.
For problems where decoding with arbitrarily low distortion is required

we showed that universal coding (as defined for single-user problems) is

not generally possible. We defined robust codes as codes which achieve %
the the optimum performance for one source in the class and achieve
performance which is no worse (i.e., no larger rate or distortion) for the
other sources in the class. For the side information problem and the
corner point of the Slepian-Wolf region the rate for one of the encoders
does not depend on the class of possible joint distributions. In these two

problems we found that the optimum performance was achieved by robust

- e

coding for a particular subset of the class of sources. A bound was given

for the optimum performance for the Slepian-Wolf problem, but the ;
achievable rate region was not determined.
For each of the above problems the converse to the robust coding

theorem was provided by the converse to the corresponding problem in

which the source distribution is known. That is, the converse is derived
from the fact that the converse for some individual source in the class

(or in some subset of the class as determined by the encoders) requires

TR, FEN AT AN MIETET RIRIIRIS e e A AR &
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the rate to be at least that of the positive coding theorem for the entire
class. This technique may not be used to prove the converse for the
Wyner-Ziv problem because the counterexample of Section 5.2 shows that

for some classes of sources the optimal performance is strictly worse

than that for all individual sources in the class.

Ty
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APPENDIX A
MODIFICATIUNS NECESSARY FOR THE PROOFS OF CHAPTERS 3 AND 4
WITHOUT THE ASSUMPTION OF KNOWN MARGINALS
Here we assume that the i-th encoder has no apriori knowledge of the
i-th marginal Py and that the decoder has no apriori information on the

joint distribution p. If f and g are real-valued functions defined on

a finite set X then we define

d_(£,8) = max{|£(u) -g(u)|: ue€x} . (65)

Let M represent the space of all discrete memoryless sources with finite

alphabet Zl X ZZ. If we define

s 4 {[meMm:m(u,v) 2 ¢' for all u,vEZl xZZ} (66)

then for any p € M

03

inf{dm(p,n): mES <2 . (67)

‘\‘ o b, e

For some initial time (i.e., based on an initial block of source output
symbols) the i-th source estimates the marginal P;- Call this estimate T, .

This initial time may be chosen such that
P(lpi(u) -m (u)| > " for some u € xi} <8' . (68)

. For any €", §' > 0. From (67) a source p € o/ exists such that

dm(ni,ﬁi) < 2|Z1|s' and so for this p we have i

P{|p,(u) - B, (w)| > ¢ for some u€Z;} <5 (69)

- 3 <

#
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by the triangle inequality where ¢ & e" + lels' and |Z| = max{lxil;
i=1,2}. The marginal Bi is then used to encode some block of source out-
puts. Assuming that the entire block is in error if ﬁi is not within ¢
of Py for all u € Zi, this introduces a probability of error less than 2§'
for the coding scheme.

The decoder makes an estimate m of the joint distribution p by
using rates Ri =3C(§i), (i=1,2), for some initial time. The decoder then

finds an p € o which is within 2¢' of m. This initial time may be chosen

such that
P{[p(u,v) - ﬁ(u,v)l > ¢ for some (u,v) € Zl X ZZ} < §! (70
where € 4 eIZI-l and §' and € are defined in (69). As with the marginals
we now assume dm(p,ﬁ) <€ adding a block probability of error of §'.
The encoders may obtain sets of sequences with properties similar to

those of the Tn(é,pi) using these estimated marginal distributions as

follows. Let the i-th encoder define u to be typical if
-1 ~ '1
|n™ " Ne|uw) - pi(u)l < slxil +€ (71)

for all u € X, where ﬁi satisfies lﬁi(u; - pi(u)| < €. Call the set of

such sequences Tn'(é,ﬁi). Then from (1) and (71)

T,(,p;) ST "(5,8) (72)
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hence
Plu € Tn'(é,ﬁi)] -1 asn-® (73)
F
' for any ¢,56 > 0. Also
! Ve
; T,'6,p;) © T (8 + 2¢|X],p,) (74)
so
exp, [n (X (p;) =k)1 < [T ' (5,p;)| <exp,[n(¥ (p;) +K)] (75)
i where
r
¢ . '
y k = -[6 + 2|%|]log ¢ (76)
S -[alxil'l + 2] £ log b, (u) an
u
Note that k may be made arbitrarily small by choice of ¢, &, and €¢'. Here
we use the lower bound on ﬁi(u) provided by (66).
The decoder defines the set Jn'(é,ﬁ) of jointly typical pairs (u,v)
. as those satisfying
-1 -1,,, -1 =
ln N(u,v|2,x) - p(u,v)! < 6|le '»2] + € (78)
and so
exp, [n(X (p) = k)1 < ' (8,B) <exp[n(¥ (p) +K)] (79)
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since from (76)

k 2 -[5]2:1|'1|:z2|'1 +e|x|'1] T log p(u,v) (80)
u,v
Finally define the set
~ A ~
A ={mER : max |7, () -$, @] <s}. (81)

In coding for the corner point of the Slepian-Wolf region (Chap. 3) these
sets Tn'(é,ﬁi) and Ai'(ﬁi) may be used and yield the same results in the
limit as € = O (recall A is assumed closed). Note that all information
theoretic quantities are continuous bounded functions of the probability
distributions (here the alphabets are finite) so the use of the estimate
P instead of p to compute them will result in a term added to the required
rates of the form f(¢) (where f(¢) = O as € ~ 0).

The proofs of the three Lemmas used in Chapter 4 may be easily
modified to hold for the typical sets of this section simply by using (73)
and (75) in place of properties 1 and 2 of Chapter 2. The functions of
§ in (24) and (30) become functions of ¢ and § which approach zero as ¢
and § approach zero. These functions remain independent of p because of

the uniform bound of (66).
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APPENDIX B
PROOF OF THE COUNTER EXAMPLE FOR THE WYNER-ZIV PROBLEM

Here we show that the auxiliary r.v. Z in the Wyner=-Ziv problem must
be defined as the output of a BSC with X as input in order for Z to be
optimal for the DSBS. The notation used and equations referred to in this
appendix are from [4].

Referring to equations (42) and (43), if the dz are not identical
then we have

R, =I(X;Z)-I(Y32) 2686 Z AG )>6G( Z » d)
X z€a 2 % z€EAZZ

since G(d) & h(po*d) -h(d) is a strictly convex function of d for fixed

Py € (0,%). By definition,
d_ = E[d(X,X)|z = 2] = P{x # Y(2)|2 = 2]

and Y(z) has range {0,1}. If the dz are identical (for all z € A) then
by the definition of Y(z), A may be divided into two sets Ai = {z:Y(z) =1},
i = 0,1, such that all z € A are equivalent in the sense that

P{X = x,Y = ylZ = zo} = P{X = x,Y = ylZ = zl} for all x, vy,

if z, and 2y € Ai' So for the z € A the channel defining 2 is a BSC with

0

parameter dz. The set AS may be regarded as time sharing since from (36)
E[d(X,X) |z € A°] = p,

and distortion Py may be achieved with Rx = 0. Furthermore, the last line
of (40) is exactly the rate required by time sharing between the BSC with
output Y(z) and parameter dz and no channel at all. For equality to hold

in (40), so that the rate for Z is the same as this time sharing, we must

TR NG WA Swiab e i sa i AT - it L3R e Sl b OO
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have

L [(H(¥|z = 2)-H(X|z = 2)] P{z =2} = 0 ;
1 Z€A :

which implies

P[Z = z|X = 0] = P[Z = z|X = 1]

! for zEAC. So for a r.v. Z to achieve the lowest possible rate, no
information about X can be given by the event Z € A%. so the optimal
channel must be a combination of a BSC which is used with some
probability 6, and a channel which gives no information which is used with
: probability (1-8).

We have shown that a BSC with some level of time sharing must be used
to attain optimal performance. It is easily seen that the parameter of

the BSC and level of time sharing are unique. Up to the point where time

B T

sharing begins no two BSC's will achieve the same rate, since G(d) is

strictly decreasing. G(d) is strictly convex so in the time sharing
region no other BSC with time sharing will do as well as the BSC with cross-

* *
over probability d by the definition of d .
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